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Constrained Control Allocation: Three-Moment Problem

Wayne C. Durham*
Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061

This paper presents a method for the solution of the constrained control allocation problem for the case of
three moments. The control allocation problem is to find the "best" combination of several flight control
effectors for the generation of specified body-axis moments. The number of controls is greater than the number
of moments being controlled, and the ranges of the controls are constrained to certain limits. The controls are
assumed to be individually linear in their effect throughout their ranges of motion and complete in the sense that
they generate moments in arbitrary combinations. The best combination of controls is taken to be an apportion-
ing of the controls that yields the greatest total moment in a specified ratio of moments without exceeding any
control constraint. The method of solving the allocation problem is presented as an algorithm and is demon-
strated for a problem of seven aerodynamic controls on an F-18 airplane.

Nomenclature
B = matrix of control effectiveness
m - number of controls
n - dimension of moment space, 3
u = vector of controls
$ = subset of attainable moments
12 = subset of constrained controls
d(E) = boundary of the set £

Subscript
d = desired

Superscript
* = lies on d( • )

= unit vector

Introduction

C LASSICALLY, airplane flight controls are designed with
the idea of a single moment-generating controller for

each rotational degree of freedom. Modern tactical aircraft
have more than three moment generators. In the high angle-
of-attack research vehicle, one has potentially 13 or more
independent moment controllers: horizontal tail, aileron,
leading edge flap, trailing edge flap, and rudder, each left and
right; and three thrust-vectoring moment generators. To this
add spoilers on the leading edge extensions and vortical lift
and side-force generators, and the number of controls nears
20. These controls are all constrained to certain limits, deter-
mined by the physical geometry of the control actuators, or in
some cases by aerodynamic considerations. The allocation, or
blending, of these several controls to achieve specific objec-
tives is the control allocation problem.

Aside from the near universal application of generalized
inverse solutions to the problem (see Refs. 1 and 2, for exam-
ple) other methods of interest include techniques called "pseu-
docontrols"3'4 and "daisy chaining."5'6 It can be shown7 that
no single generalized inverse can, for arbitrary moment de-
mands, yield solutions that attain the maximum available
moment without violating some control constraint. The use of
pseudocontrols is an application of generalized inverses,
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imbedded in a dynamic inversion control law.7 Daisy chaining
likewise cannot yield maximum available moments every-
where, and additionally tends to demand higher control actua-
tor rates than other methods.

The geometry of the constrained control allocation problem
was developed in Ref. 7. In that reference, a nonlinear solu-
tion was described called the direct method. The direct method
by definition yields maximum available moments and is the
subject of the algorithm to be presented. The direct method
loosely consists of two parts: the determination of the attain-
able moment subset and the calculation of those controls that
yield moments within and on the boundary of that subset
without violating the control constraints.

The determination of the boundary of the attainable mo-
ment subset may be done by inspection for the two-moment
problem, but is decidedly nontrivial for the three-moment
problem. There are generic methods of finding the boundary,8

such as "package wrapping," that begin with an arbitrary set
of points and extensively use trigonometric relationships to
find the convex hull of the set of points. These methods do not
exploit the structure of the control allocation problem and
generally do not yield descriptions of the boundary suitable
for the calculation of controls. The first part of the method
presented in this paper describes a means of determining the
boundary, yielding a description of the boundary that con-
tains the necessary information for the determination of con-
trols in the allocation problem.

Once the boundary of the attainable moment subset has
been found, the task is to allocate the controls in a manner
that generates specified moments within the constraints placed
on the controls. We consider some desired moment for which
we wish to determine the allocation of controls. The determi-
nation of the desired control consists of 1) the identification of
the point of intersection of a line in the direction of the desired
moment with the bounding surface of attainable moments and
2) calculation of the controls that generate that intersection,
with possible scaling of the controls if the desired moment is
interior to the subset of attainable moments. These steps were
demonstrated in Ref. 7 for the two-moment problem, but as
with the determination of the boundary, it is nontrivial for the
three-moment problem. The second part of the method pre-
sented in this paper describes a means of determining the
controls for the three-moment problem.

Problem Statement
We consider an m-dimensional control space u £ Rm. The

controls are constrained to minimum and maximum values,
defined by the constrained control subset Q

= (u € Rm\uimin<Ui<uimSLX}cRn 0)
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Right Trailing Edge Flap 45 deg (max)
Left Trailing Edge Flap -8 deg (min)

Left & Right Trailing Edge
Flaps -8 deg (min) Left & Right Trailing Edge

Flaps 45 deg (max)

Left Trailing Edge Flap 45 deg (max)
Right Trailing Edge Flap -8 deg (min)

Fig. 1 Subset of attainable moments.

Controls that lie on the boundary of 12, 5(12), are denoted by
w*, «*= [u\u € 3(12)).

These controls generate moments m through a linear map-
ping B:Rm-*Rn onto n-dimensional moment space m € Rn

such that Bu = m, where m > n. Bis the control effectiveness
matrix with respect to the moments.

Denote by $ the image of 12 in R", $ c Rn. In the mapping
Rm-~Rn, some of the vertices, edges, and facets of 3(12)
project to the interior of $, whereas the others become
the boundary of $. Parallel edges of d(12) remain parallel
under the linear mapping, so that the facets of d($) are
parallelograms.

A typical attainable moment subset is shown in perspective
view in Fig. 1, in which nondimensional moment coefficients
have been used. Figure 1 was generated using seven controls
and will be described later. Each vertex of the figure represents
the moment generated by a combination of seven controls at
one or the other of their constraints. Along each edge, one
control is varying whereas six are on a constraint. Each facet
is generated by saturating five controls and allowing two con-
trols to assume values within their respective constraints. This
figure is discussed in more detail later.

For the geometric discussion that follows, we require that
the control limits defined in Eq. (1) be such that the origin of
moment space be contained strictly within $. We will further
require that every n x n matrix formed of the columns of B be
of full rank. The significance of this requirement is that it
makes all admissible solutions to the allocation problem
unique. This requirement is not necessary for the general
solution to the problem, and its impact will be mentioned
where appropriate. Of natural concern is the potential to
reallocate the controls following control failure, which will
introduce a column of zeros in the B matrix. In this event, to
implement the algorithm to be described, one simply removes
the failed control (and the column associated with it) from the
problem and recalculates the solution.

Moments that lie on the boundary of $, d($), are denoted
by w*. A unit vector in the direction of m will be denoted
by in.

The control allocation problem is defined as follows: given
B, 12, and some desired moment md, find d($) and then
determine the controls u € 12 that generate the desired moment
for the largest possible magnitude \md I in the direction in.

Method
Determination of the Boundary of Attainable Moments

In outline, the method we will use to determine d($) is as
follows (section references are found in the Appendix):

1) Determine all of the nodes and connections of $. (A node
is a geometric feature of the constrained control and attain-

able moment subsets. Nodes are generated in m-space by
placing each of the m controls at either of its two constraints,
yielding 2m nodes in the subset of constrained controls. Nodes
in the attainable moment subset are the images of the nodes in
the constrained control subset.)

2) Begin with a node that is known to be a vertex. (A vertex
is any node that lies on the boundary of the subsets $ or 12.
Thus all nodes in 12 are vertices, but a node in $ may or may
not be a vertex.) Make this vertex the first of a list of vertices.

3) Test the connections from each vertex on the list of
vertices to determine which are edges. (Connections are a
geometric feature of the constrained control and attainable
moment subsets. Connections are generated in m-space by
placing all but one of the m controls at either of their two
constraints and allowing one to vary, yielding 2m~l-m\/
(1! • (m -1)!) connections in the subset of constrained con-
trols. Connections in the attainable moment subset are the
images of the connections in the constrained control subset.
All connections in 12 are edges, but a connection in $ may or
may not be an edge.)

4) Add the to-node of each edge thus determined to the
vertex list. (When traversing a connection in a particular direc-
tion, the to-node is the node toward which one is proceeding.
When considering a node and its various connections, the
node under consideration is the from-node, and all those that
define connections that include that node are to-nodes. The
edge is any connection that lies on the boundary of the subsets
$ or 12. All connections in 12 are edges, but a connection in <i>
may or may not be an edge.)

5) Repeat steps 3 and 4 until no new vertices are added.
6) Compile a list of facets of d($). (A face is a geometric

feature of the constrained control and attainable moment
subsets. Faces are generated in m -space by placing all but two
of the m controls at either of their two constraints and allow-
ing two to vary, yielding 2m~2 • m \/(2l - (m - 2)1) faces in the
subset of constrained controls. Faces in the attainable moment
subset are the images of the faces in the constrained control
subset. Facets are any face that lies on the boundary of the
subsets $ or 12. All faces in 0 are facets, but a face in $ may
or may not be a facet.)

The fact that the vertices of d($) are simply connected by
their edges insures that this procedure will find all of the
vertices and edges. Of these steps, only the third is in any way
challenging. The third step is a linear algebra problem whose
solution is the heart of this algorithm. Each step is now
described in detail.

1) Determine all of the nodes and connections of $. The
nodes of $ are the images of the vertices of 3(12). They are
calculated from m/ = Bu*, i = 0 ... (2m- 1). For each node
thus calculated, a record is established. The first entry in this
record is a list of the to-nodes associated with each connec-
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Fig. 2 Sample vertex and four connections.

tion. Section A.I describes the system of enumeration used,
and Sec. A.2 describes a method for to-node determination.
For a given node, a list of its to-nodes completely defines all of
its connections.

2) Begin with a node that is known to be a vertex. As each
node is identified in step 1, its distance from the origin is
calculated and compared with those of previously deter-
mined nodes to determine the node of maximum distance
from the origin. The distance is the Euclidean I m / l . The
furthest node from the origin is a prima facie vertex and heads
the vertex list.

3) Test the connections from each vertex on the vertex list to
determine which are edges. For illustration say we have four
controls, and that m * has been found to be a vertex, as shown
in Fig. 2. The connections from m* are to nodes m4, mly m\,
and m 13 (see Sec. A.2 for the numbering scheme). Any combi-
nation of two of these four connections forms a face. No two
connections may be collinear, a result of the requirement that
every 3 x 3 matrix formed of the columns of B be of full rank.
For example, the face formed by m5_i and 7/15.4, has as its
other two connections m i_0 and m4_0, node m0 completing the
face. There will be five more (not depicted) faces in Fig. 2. We
wish to determine if a particular face, such as that depicted in
Fig. 2, is a facet.

We make the following definitions: if a line from the origin
to any point on a given connection passes through any face
first, that connection is superior to the face; if that line inter-
sects the face after intersecting the connection, the connection
is inferior to the face. Inferior connections are inside the
three-dimensional attainable moment subset. For a given con-
nection and a given face, a line from the origin through the
connection may not intersect the face at all, since connections
and faces are bounded in their respective dimensions. We do
not consider the possibility of a connection lying exactly in the
plane of a face of which it is not a side, a further consequence
of the requirement that every 3 x 3 matrix formed of the
columns of B be of full rank. We further agree not to compare
a connection with a face of which it is a side. Note that if a
connection is inferior to any face at a vertex, that connection
cannot be an edge (nor can any face of which it is a side be a
facet). If a connection is superior to every face at a vertex,
then it is an edge, and vice versa. If a connection is an edge,
then both its from-node and its to-node are vertices. A means
for determining the inferiority or superiority of connections
with respect to faces is described in Sec. A.3.

4) Add the to-node of each edge thus determined to the
vertex list. Every connection at each vertex is tested against
each face at that vertex, excluding faces of which it is a side
and excluding faces formed of connections both of which have
been previously determined to be inferior to other faces. When
all connections have been thus tested, those that were inferior
to no face are promoted to the status of edges, and their
to-nodes are added to the list of vertices.

5) Repeat steps 3 and 4 until no new vertices are added. As
a linear transformation of 3(12), d($) shares its properties of
boundedness and connectedness. Since step 3 identifies every

edge at every vertex, step 4 will ultimately identify every
vertex, and d(<i>) is completely determined.

6) Compile a list of facets ofd($). The first part of this step
is accomplished by traversing the completed vertex list.
Associated with each vertex is a list of edges, at least three in
number. Each combination of two of these edges is ex-
amined to determine the node that completes the face they
form. If the completing node thus determined is itself a vertex,
then the edges form a facet, otherwise not. See Sec. A.4 for
details.

As each facet is determined, then if no description of that
facet has already been determined (from another vertex; see
Sec. A.5), it is added to a list of facets. Each facet is described
by a principal vertex and two edges from that vertex. (The
choice of which vertex to call the principal one is arbitrary.)
Associated with each facet is a precomputed matrix inverse
(3 x 3) for determining the intersection of a line from the
origin with the plane of the facet (see Sec. A.6). The existence
of this inverse relies on the requirement that the origin of
moment space be strictly within S>. For reasons to be described
later, we also record each of the four neighboring facets
associated with the facet thus determined (neighboring in the
sense that the two facets share a common edge).

The list of facets, when finished, contains the complete
description of d(&) needed for the subsequent calculation of
controls. When plotted in three-dimensional space, the result
is similar to that shown in perspective in Fig. 1.

Determination of the Controls
Having determined the boundary of the attainable moment

subset, we now wish to allocate the controls in a manner that
achieves the maximum available moment in any direction in
moment space within the constraints placed on the controls.
We consider the desired moment as a vector in moment space
md. If the magnitude of the desired moment is greater than or
equal to that which is attainable (md lies outside or on the
boundary), then we will take as our solution the controls that
generate the maximum attainable moment in the same direc-
tion as the desired moment vector. If the magnitude of the
desired moment is less than the maximum attainable in the
desired direction, we will uniformly scale the controls that
generate the maximum so as to yield the desired magnitude.

The solution in either case requires the determination of the
controls that generate the maximum moment in the desired
direction. As a geometric figure in three-dimensional moment
space, the set of attainable moments is a multifaceted solid
figure (see Fig. 1). We have created a description of this figure
that consists of, for each of its facets, the coordinates of one
of the facet's vertices, the two edges of the facet that are
associated with that vertex, a 3 x 3 matrix for the determina-
tion of the intersection of a line from the origin with the plane
of the facet, and a list of the four neighboring facets. Before
we can determine the controls, we need to find the facet
toward which the desired moment points.

Finding the Right Facet
Consider a facet selected randomly for consideration, and

some desired moment md. From Sec. A.6 we may calculate the
numbers a, b, and c in the equation

amd = m* + bm*_j + cm*_k (2)

We will use our record of the four neighboring facets of
each facet as a *'referral service," along with the values of a,
b, and c in the solution of Eq. (2) to determine the right facet.
For the chosen facet to be the correct one, we must have

a > 0, 0 1, 0 < c < 1 (3)

The requirement that a > 0 may be used to improve our
initial guess for the right facet. For an arbitrary direction md,
this is accomplished by precalculating a list of first-guess
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facets to be used in beginning the search. There are eight
first-guess facets, one for each octant of moment space.
Within any octant, the first-guess facet is the one that contains
the intersection of a line from the origin that passes through
the center of the octant, i.e., that passes through (1,1, 1), (1,
- 1, 1), (- 1, - 1, 1), etc. It is then a simple matter to deter-
mine the octant in which md lies and begin the search with the
first-guess facet for that octant. This will assure that a > 0.

We now look in the vicinity of this guessed facet to find one
that satisfies the conditions on b and c. To do this, we use our
previously recorded list of the four neighbors of each facet.
Consider Fig. 3, which shows a hypothetical section of the
boundary of attainable moments. Let facet A be the facet we
have assumed and facet D be the correct one. The intersection
of amd with facet D is shown as a dot.

We have already assured that a > 0. We now examine the
values of b and c for facet A . From this we learn that both b
and c are > 1 and that c > b. Unless 0 < Z ? < l , 0 < c <
1, then the vector sum bm*_j + cm*_k cannot lie on facet A,
and facet A does not contain the point of intersection. Because
Ob, the point of intersection lies in the vicinity of neighbor-
ing facet B, or at least facet B is closer to the intersection than
facet A.

The same test applied to facet B yields new values of b and
c , which are analyzed to see if the intersection lies on facet B,
and if not, in which direction to proceed. This further refers us
to facet C, and finally to facet D, for which we find 0 < b <
1, 0 < c < 1. Facet D therefore contains the intersection, and
the values of a, b, and c may now be used to calculate the
controls, as described later.

In an implementation for which the desired moment varies
continuously, we keep track of the current facet. As some new
direction md is received, we begin the facet search in the
current facet. This strategy should require at most one referral
to a neighboring facet. In practice this will depend on the
speed with which the desired moment varies and the frequency
of recalculating the allocation of controls, so we monitor the
sign of a; reverting to the first-guess facet should a prove to be
negative for the current facet.

In the implementation described later, the algorithm in-
cluded a bail-out procedure. This procedure was called in the
event the same facet was visited twice during a search and
constituted a brute force search of all of the facets to find the
one for which the conditions in Eq. (3) were satisfied.

Determining the Controls
Assume we know which facet the desired moment points to,

that is, the facet intersected by the half-line in the direction of
the desired moment. Call this facet's describing vertex and
edges m*, tn*_Jy and m*_k. The controls associated with
amd are the desired controls ud . Because we have a linear
transformation

amd = Bud = m* + bm*_j + cm*_k

= Bu* + bBu*_j + cBu*_k

Whereas the mapping from Rm to R" is many-to-one, the
mapping from d(fl) to d($) is one-to-one, so we have the
unique solution

(4)

fern..
m

cmi-k

Fig. 3 Searching for the right facet.

subset that corresponds to the point of intersection in moment
space, i.e., that which maps to the point of intersection.

If the maximum attainable moment in the desired direction
is less than the magnitude of the desired moment (a < Imd I),
then we use ud as our solution. If the maximum attainable
moment in the desired direction is greater than or equal to the
magnitude of the desired moment (a > \md I) , then we scale
ud according to

ud = ud \md\/a (5)

Implementation
Two programs were written, corresponding to the two parts

of the method presented earlier. The first program generated
descriptions of the attainable moment subset. These were used
as input for the second program, which returned the controls
for arbitrary user-provided moments.

The allocation scheme was applied to a nonlinear dynamic
inversion control law for a simulation of the F-18 airplane.
The application consisted of an off-line determination of the
attainable moment subset for the F-18 flight controls at a
reference flight condition, and on-line control allocation using
the allocation program as a subroutine. Since the control
effectiveness may vary with flight condition (as the B matrix
varies), the attainable moment subset used was strictly only
valid at the reference conditions. However, the dynamic inver-
sion control law that was utilized demonstrated little sensitiv-
ity to the actual variations in these parameters during the
selected maneuver, and scheduling was not required.

Simulation Results and Discussion
We take for our example

m = u = (6)

The nondimensional moment coefficients are used, and the
controls are measured in degrees deflection. The controls u\
and 1/2 are the left and right horizontal tails, u3 and u4 are the
left and right trailing edge flaps, «5 and u6 are the left and right
ailerons, and u7 is the symmetric contributions of the rudders.

The B matrix, whose entries have units of 1/deg, and the
control limits used in the simulation were as follows:

B =
2.38 x 10-4 - 2.38 x 10~4 1.23 x 10~3 - 1.23 x 10~3 4.18 x 10~4 - 4.18 x 10~4 3.58 x 10'5

-6.98 x 10~3 - 6.98 x 10~3 9.94 x 10~4 9.94 x 10~4 - 5.52 x 10~4 - 5.52 x 10~4 0
3.09 x 10-4 3.09 x 10~4 0 0 -1 .74x lO~ 4 1.74 x 10~4 - 5.62 x 10~4

In other words, the controls that generate the maximum
moment in the direction of the desired moment are found
from the point on the boundary of the constrained control

(7)

«min= (-24.0 -24.0 -8.0 -8.0 -30.0 -30.0 -30.0 deg)

"max =[10.5 10.5 45.0 45.0 30.030.0 30.0 deg) (8)
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Fig. 4 Commanded and attained moments.
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Fig. 5 Percent saturation of commanded moments.

Figure 1 is the attainable moment subset generated by these
controls. One of the facets has been lifted from the top to aid
in visualization. The particular facet shown represents the
moment coefficients generated by all permissible combina-
tions of left and right trailing edge flaps, whereas the left
horizontal tail is held fixed at its minimum (-24 deg), the
right horizontal tail at its maximum (10.5 deg), the left aileron
at its minimum (-30 deg), the right aileron at its maximum
(30 deg), and the rudder at its minimum (-30 deg).

Results of a representative maneuver are shown in Figs. 4-8.
The maneuver began in a 5-g level left turn and consisted of an
aggressive roll to the right from £ = 0 . 5 to 3.5s. This roll was
accompanied by a decrease in load factor to 3 g between
t = 1.0 and 4.0 s, followed by a return to 5-g flight. The
maneuver finishes in a level turn to the right. Details of this
maneuver and the control law used are intentionally omitted
to focus attention on the performance of the control alloca-
tion algorithm.

Figure 4 shows the moment requirements placed on the
controls for the completion of this maneuver and the moment
coefficients actually attained. At any instant of time, the
combination of commanded moments shown in Fig. 4 repre-
sents the desired moment md. Figure 5 is the percentage of
saturation of controls that results from attempting to generate

1 2 3

Time (Seconds)

Fig. 6 Control time histories.

md. This value a (as a percentage) from Eq. (2). It is seen that
between t =0.60 and 1.25 s, the demand exceeded the capabil-
ities of the controls.

At any time before / = 0.60 s and after t = 1.25 s, none of
the controls should be saturated, and we expect the moment
generated to be the same as the desired moment, which is
verified by Fig. 4. Figure 6 shows the control activity, and we
verify that during the period of time when capabilities ex-
ceeded demand two controls were saturated, and that at other
times none were saturated.

Figure 7 reproduces the attainable moment subset, cut away
to show the interior. Within the interior are shown several of
the commanded moments (tnd) in the first 1.2 s. The cluster of
commanded moments labeled "t < 1.0 sec" shows the excess
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Cn 0

Fig. 7 Cutaway of attainable moments with required moments.
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Fig. 8 Control time histories during saturation.

demand for rolling and yawing moments. At t = 1.0 s, a large
nose-down pitching moment requirement is introduced, and
md moves abruptly to the position shown, decreasing subse-
quently until md lies completely within the figure. The controls
allocated during the period of saturation correspond to the
intersections of md with the boundary, as shown.

Figure 8 focuses on the control activity during the period of
control saturation. The moments being generated are all on
the boundary of the attainable moments. Since the desired
moment does not generally point directly at a vertex or an
edge, we expect to see all controls saturated except two during
the period t = 0.60 to 1.25 s. From Fig. 8 we see that one of
these unsaturated controls is the left trailing edge flap. The
other unsaturated control varies in this example. From
t = 0.60 to 1.10 s, it is the left horizontal tail. At about t = 1.0
s, the desired moment moves from one facet to another, as
may be seen in Fig. 7. At this time the facet referral system was
called into play and immediately identified the new facet.
Once on this new facet, the left horizontal tail is saturated,
whereas the left aileron is off its constraint.

Conclusions
The determination of the subset of attainable moments

involves an admittedly complicated algorithm. Nonetheless, it
is completely deterministic, and should always yield correct
results within the limitations of the assumptions made.
Whether or not it could be used for the real-time reallocation
of controls following the identification of control failures
remains an open question. Part of the question involves the
computational time, which may be moot given the steady
increases in onboard computing capabilities. Of potentially
more serious consequence are the assumptions made, in par-
ticular that every 3 x 3 submatrix of B be nonsingular. Singu-
larities within the B matrix are not pathological cases, as may
be seen from a cursory examination of the effects of pure
thrust vectoring. Research in this area is ongoing.

Given the description of the subset of attainable moments,
real-time allocation of the controls is decidedly practical. The
actual allocation described herein requires a simple 3 x 3 ma-
trix multiplication once the correct facet is determined. This is
less computationally intensive than the use of generalized in-
verses, which requires an m x 3 matrix multiplication. The
facet referral system requires a 3 x 3 matrix multiplication for
each facet tested, but a continuously varying moment demand
seldom requires more than two such tests.

Future Research
There are many areas associated with the control allocation

problem that are ripe for research. Primary among these areas
is an extension of the control effects to include forces as well
as moments. With the inclusion of forces, one is then prepared
to address such problems as the determination of maximum
control-generated lift during maneuvering or the determina-
tion of minimum control-generated drag during cruise or ma-
neuvering. Of perhaps equal importance is the introduction of
nonlinearities into the effectiveness of the various controllers,
to include a loss of effectiveness at higher control deflections
and changes in effectiveness that result from interference from
other control deflections (for example, the change in horizon-
tal tail effectiveness with flap deflection). Finally, the impact
of violations of the assumptions made must be fully examined
and a means of dealing with these impacts determined.

Appendix
In this Appendix, binary numerals will be distinguished by

the subscript 2, such as 01012 as the binary representation of
decimal 5. Since no number bases other than 2 and 10 are
used, an unsubscripted numeral is understood to be a decimal
representation, so that the number 5 in m* is decimal 5.

A.I Vertex Numbering
Vertices are numbered according to a binary representation

that reflects which controls are minimum and which are max-
imum, such that a 0 in the /th least significant bit of the binary
number indicates the /th control is a minimum, and a 1 indi-
cates it is at a maximum. For example, a five-control problem
will have a vertex in fi numbered 9. Decimal 9 is binary 010012,
so the first and fourth controls are at their maximum limit and
the others at their minimum. Controls are enumerated 0 ...
m - 1, so in this example the controls M I , w2, and w4 are on
their minimum constraints, whereas UQ and 1/3 are on their
maximum constraints.

A.2. To-Node Determination
The list of to-nodes is easily determined by logical bit-wise

XOR (exclusive OR) operations on binary representations of
the node number and a number (1, 2, 4, 8 . . .) called the
control mask. The control mask of the /th control is decimal
2', / = 0 . . . m - 1, and the effect of XORing a node number
with a control mask is to flip the bit in the binary representa-
tion of the node number associated with the control, thus
defining a to-node. Consider a typical vertex in a four-control
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problem, for illustration say m* (01012) has been found to be
a vertex. For each control there is a connection at this vertex,
and the to-nodes are obtained by XORing the number (01012)
with each of the four control masks (00012, 00102, 01002, and
10002). Thus XOR(01012, 00012) = 01002 = 4 yields m J,' a to-
node. The other to-nodes are quickly identified as m* (01112),
mf (00012), and/fiI3(11012).

A.3. Edge Testing
We claim without proof that any three vectors comprised of

one vertex and any two connections from that vertex form a
basis for R3. We take these two connections to be those
defining a face against which some connection is to be tested,
and the vertex to be the common vertex of those two connec-
tions. Denote this vertex m* and the two connections f w / _ y and
//*/_£. Call the connection being tested m/_ x . Any point on
nii-x may then be expressed as a linear combination of the
three basis vectors ra*, m /_;, and /n /_* . For such a point on
the connection being tested we choose the to-vertex of that
connection (since its coordinates are already known), and
calculate the coefficients a , b , and c in the vector equation

mx = am* + &/w/_7 + cm/_^

A.6. Facet Intersections
A facet is defined by three vectors m*, m*_j9 andm*_k. For

some desired moment with direction m t f, we wish to calculate
the intersection of a line in the direction of md with the plane
of the facet. At that intersection we have

amd = m* + bm*_j cm*_k
or

md =- [m* bm*_j + cm*_k]

C\/cT
= [m*:m*_j:m*_k] \ b/a \

ic

The values of b and c must lie in (0, 1) for the intersection
to be on the facet itself. If the intersection is on the facet, then
the value of a is the magnitude of the maximum attainable
moment in the direction md. Since ind is the variable in our
problem, we compute and store for each facet the inverse

b \ = [m* \ lmx

from which we may then evaluate a, b, and c for a given md.

The inverse exists because its columns are basis vectors for
three-space. With these results we reason as follows: if either
b or c or both are negative, then there is no line from the origin
that passes through any point on m/_ x and the face determined
by m/_ y and If both b and c are positive, then the
opposite is true. If both b and c are positive, then we examine
the value of a: if a > 1, m/_ x is superior to this face, and if a
< 1, it is inferior. We should never have a = 1 for then
m^x is coplanar with the face being tested, a possibility we
do not allow.

A.4. Facet Identification
For a vertex m * , obtained by the combination of controls

u* , assume that connections fw/_ 7 and m / _ £ have survived the
tests in Sec. A. 3 and are therefore edges m*_j andm*_k. Then
nij and mk are promoted to vertices m* and m I reached from
m* by varying two different controls from one extreme to
another. Call these controls ua (for m*) and ub (for m*). We
wish to determine whether or not m*_y and m*_k form a facet.
The fourth node of this face, say mx, is identified from

x = XOR(/, 2b) OTX = XOR(k, 2a)

We then examine the vertex list to see if mx is present; if it
is, the face is a facet, else it is not.

A.5. Duplicate Facets
Facets are uniquely described by their four vertices. The

easiest way to keep track of facets was found to be by associ-
ation with a binary number whose bits were logical flags for
each of the 2m possible vertex numbers. For each facet exactly
four of these bits are TRUE. These representations ("sets" in
Pascal and other languages) may be directly compared for
equality, avoiding the need to sort a list of vertex numbers.
The maximum size of such a representation is compiler-spe-
cific and may limit its utility.
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